
D E F L E C T I O N  OF A JET I N I E C T E D  I N T O  A S T R E A M  

Ya. M. Vizel and L L, Mostinskii 

Inzhenerno-Fiz icheski i  Zhurnal,  Vol. 8, No. 2, pp. 238-242, 1965 

A solution is given for the deflect ion of the axis of two-dimensional  and circular jets by an entraining 

stream. Design formulas are obtained and compared with experiment.  

The problem of determining the shape of a je t  injected into an entraining stream is part of the general  problem of 
the mixing of streams of gas, which owing to its great pract ical  interest is currently receiving the at tention of many re-  
searchers, 

Suppose a jet  of gas with the ini t ia l  parameters Or0, v0 is injected at an angle s 0 to the axis through an aperture 
in the side wall  of a channel  in which another gas with density pw is flowing at the uniform veloci ty  w: The injected jet  

wil l  be def lected by the stream. It is required to find the curve followed by its axis. 

The ana ly t ica l  solutions of this problem given in the l i terature may al l  be divided into two groups. The first group 
contains the purely k inemat ic  solutions of [1-4], in which some form of the method of geometr ic  superposition of the 
jet  and the stream is used. However, although these solntions are valid for ideal  fluids and potential  flow, their app l i ca -  
t ion to real  fluids can be regarded only as a coarse approximation,  and therefore the results obtained show poor agreement  

with exper iment ,  as pointed out in [5]. 

The second group of analyt ic  solutions of the problem contains the dynamic  solutions of [6-8], based on an e x a m -  
ination of the forces exerted on the je t  by the stream. In [7] the je t  is regarded as an airfoil  on which the aerodynamic 
force of the stream acts. Equating the normal component of the aerodynamic force to the centr ifugal  force, the author 
calcula tes  the radius of curvature at each point of the t ra jectory and then finds the equation of the axis of the je t ,  which, 

in the part icular  case of a circular  jet  with s 0 = rr /2,  takes the form: 

g = 14.4 Pv0v~ lg 1 + 0 . 1  d0 x ' 
do cn Pw w2 

It is known from exper imenta l  aerodynamics that  the value c n is of the order of unity. The author recommends using 
c n = 3. However, formula (1) then gives a large discrepancy with experiment (up to 300~ To make  this formula agree 

with the exper imenta l  airfoil  drag data, c n must be increased by a factor of 25-30, i. e . ,  to values that  would be hard 
to account for theoret ical ly .  

In this paper an a t tempt  is made  to find the shape of the jet  axis in the stream from the value of the drag represent- 
ed by the jet.  Let us first consider an infinite two-dimensional  je t  (Fig. 1). Since a free je t  is isobaric, the projection of 
its momentum on the y axis remains  unchanged: 

~v v ~ S, ,  s in  ~ = ~o v02 S ~  sin %. (21 

'Hence  we obtain the first equation of mot ion of a jet  issuing from an infinite slot: 

dy v sin = p~ v~ Sno sin % (p~ vS.) -x. 
dt . u (3) 

Let us consider a point M on the jet  axis with coordinates x, y and ca lcu la te  the pressure of the stream on a section of 
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the je t  from 0 to M per unit width of the jet .  Let us assume 
that  the aerodynamic force P of the flow acts only along the 
x axis and is proportional to the ve loc i ty  head; 

1 
P = = -  c.  V P~ w". (4) 

2 

The law of change of momentum takes the  form: 

% v 2 Sn cos  a - -  Po0 vgSno cos  % = P,  (5) 

Fig. 1. Diagram of je t  def lected by a flow of gas. 
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from which we obta in  the second equat ion  of mot ion  of the jet: 

dx 1 
- - -  = v cos ~ = -~-  q-  cos  (6) ~ S.o %) (r ovG) 
dt 

Dividing (6) by (3), we ob ta in  the di f ferent ia l  equat ion  of the jet  axis 

dx 1 
---- - -  c~g p~ w2(S.0 sin %p,,o v~) - I  q- c tg  % (7) 

dy  2 

where Sn0 ; b 0 �9 1. The equa t ion  of the axis of the def lected je t  is found by in tegra t ing  (7) with the boundary condit ions 
I 

Xly = 0 O: 

- -  = - -  c x p ~  (p~,o v~  s i n  %)-I /J 2 g 

b 0 4 

In Fig. 2, (8), with e x = 5 and a 0 = rr/2, is compared with the exper imen ta l  data of [5] for a two-d im ens iona l  jet .  An 

Pw w~ 
examina t i on  of Fig. 2 shows that,  for - -  - O. 0025 and 0.08, the exper imenta l  data fal l  suff ic ient ly  close to the 

Pv 0 v% 

p~ ~2 
theore t ica l  curve. Some devia t ion  (up to 20%) is observed for 2 - -  0 .01 .  

Pro V0 
Let us now proceed to solve the problem of the def lec t ion  of the axis of a je t  that  is c i rcular  in section.  It has been  

established [?] from an analysis of exper imen ta l  data that ,  under the  ac t ion  of the  s t ream, the je t  sect ion becomes  dis-  
totted even  at a smal l  d is tance  (l/d o ~ 1.5) from the nozz le ,  acquir ing a horseshoe shape with a ratio of the sides ~ / h  
of the  order of 1:5. The width of the horseshoe increases approximate ly  i n  proportion to the d is tance  from the nozz le :  

h : h o + c l l  , (9) 

where h 0 is the  n o m i n a l  width of the in i t i a l  section. We shall  assume, as in  [5], tha t  the  i n i t i a l  je t  sect ion is an el l ipse 

equal  in size to a c i rc le  of the in i t i a l  d i ame te r  (60h 0 = d~ ) and that  for h 0 = 550, 6 o = 0.45do, h = 2.25d 0, whence  
1 

Sn0 - -  ~ d~. Assuming that  the coef f ic ien t  of angular  expansion of the def lected je t  of horseshoe sect ion is the 
4 

same as that  for a straight j e t  c 1 = 0.22, we ob ta in  

h = 2 . 2 5 d  0 q- 0 .22 / .  ( i o )  

Consider a point with coordinates x, y on the axis of the jet.  From the condi t ion  that  the  project ion of the  je t  m o m e n t u m  
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Fig. 2. Comparison with the  expe r imen ta l  data  of [5] for a t w o - d i m e n s i o n a l  

je t :  (a) 4 - according to (8) and for a c i rcular  je t ,  (b) 4 - according to (20), 

5 - according to (1) with c n = 3(I ,  II, and III correspond to ve loc i ty  head 

ratios of 0,0028, 0.01 and 0.08): 1 - Pw w2/Pvo v~ = 0,0028; 2 - 0,01; 3 - 

0.08 
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on the y axis is constant, we have 

d_ff_V = v sin ~ = po. v2oS., sin % (Po vS.) -1. 
dt 

Since we are assuming that  the aerodynamic flow force P acts only along the x axis, 

1 
P = ~ cx Pw w2F- 

2 

This projection has approximate ly  the shape of an equi la tera l  t rapezium with sides h 0 and h and height y. 

1 
- -  (h 0 + h) y or, taking (10) into account,  

2 1 
F = -  p ( 2 h  0 -} cll). 

2 
Substituting the value  of P found from (12) in (5), we obtain the second equation of motion: 

dx 1 cll) p~ w 2 - -  = v cos c ~ = - -  [C,y (2h o + + 
dt .4 

2 + 4%0 voS. o cos %1 (S~ p~ v)-L 

Dividing (14) by (11), we obtain the different ial  equation of the axis of a je t  issuing from a circular  aperture: 

(11) 

( 1 2 ) '  

Therefore F = 

(13) 

(14) 

d__x_x = c/,y (2h 0 + ql) ,p~ w 2 (4%~ v2oS.o sin %)-1 + ctg %. (15) 
dy 

The solution of (15) may  be obtained by the method of successive approximations.  We can take the equation of a two- 

0 2 * 6 

m ~  

f / 

o ! 
�9 - - 2  

- 3  

a /do  

Fig. 8. Comparison with the exper imenta l  data of 

[9] for c i rcular  jets:  1 - Pw w2/Pvo ~ = 0. 061; 2 -  
0.21; 3 - according to (20) 

Then, instead of (10), we shall  have 

and instead of  ( t5):  

dimensional  j e t  y0(x) as the first approximation,  then find I0 = 
x 

'~ dx and, substituting this value for l0 b in (15), 
= f V 1 +v0 

0 

find the second approximation y1(x) for the je t  axis. After this, 

we again d e t e r m i n e ' / i  = . 1 / dx. Substituting the value 
0 

found for l 1 in (15), we find yz(x) in the third approximation,  
and so on. Because of the complexi ty  of the function l(x), the 
solution described is too cumbersome. A coarser approximation 
may  be obtained if we assume that  the width of the horseshoe f 

shapedsec t ion  of the def lected je t  is proportional not to the 
distance I from the nozzle,  but to the coordinate x. This as- 

sumption obviously gives a larger error for the in i t ia l  part of 
the j e t ,  where for c~ 0 = rr/2 />> x, and in general ,  i t  is inval id 

for jets with cz 0 > 1r/2. 

h = 2 . 2 5 d  o + 0 . 2 2 x  (16) 

d--x-x = c,y pw w2 (4p~ ~ V2Sno sin%)-1 (2h0 + qx) + cig %. (17) 
dy 

This l inear inhomogeneous equation may  be integrated by the method of var ia t ion of arbitrary constants, and with bound- 

ary conditions x ] Y = 0 = 0 leads to the expression: 

c,x = r~y 2 (8pro V2o&. sin ~0) -1  -t- In 1 + 2ho cxct Pw 
, (18) 

C ff  x Pw ~)2V 1 
I 

I xp dt is the Laplace function. where *(s)--  K S  --2- 
0 

If we substitute numerica l  values of a l l  the coefficients in (18), then, for the case of a je t  injected at a right 

angle to the flow (ix 0 = lr/2), we obtain the following result: 
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whence 

lg 1~-0 .049  d0X = 0.0153cx.0~m,~(pv0v~)_1 ( ~ o ) 2  (~9) 

1 

x T 

Curves constructed from (20) with c x = 4 and the exper imenta l  data of [5] and [9] are compared in Fig. 2b and Fig. 3. 
It can be seen tha t  the theore t ica l  curves fal l  close to the exper imenta l  data,  the deviat ion not exceeding 4-20~ which 
may  be considered quite satisfactory, 

Notation 

b -- width of two-dimensional  j e t ;  c 1 -- coeff icient  of angular expansion of je t ;  c n -- resistance coeff ic ient  of 
airfoi l  for normal ve loc i ty  component;  c x - drag coeff icient  of je t  in relat ion to s t ream; d - d iamete r  of c i rcular  j e t ;  
F - projected area of je t  on a Plane perpendicular to flow; h -- width of a je t  of horseshoe sect ion;  Z -- length of je t  
from nozzle;  P - aerodynamic flow force; S n - normal  section of je t ;  v, v x, Vy - gas ve loc i ty  in the  je t  and its pro- 
jec t ion  on the x and y axes; w -- veloci ty  of s tream; o' - angle between mean  gas veloci ty  in je t  and ve loc i ty  of 
stream ; 6 - thickness of horseshoe sect ion of je t  ; Pv,  Pw - gas density in je t  and stream ; 0 - subscript referring to 
in i t ia l  section. 
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